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This paper is concerned with the problem of finding a technique to
1 the expected value of functions of the form [ (X+A) ... (X+A+k—l)]~]
X is a random variable with X+A > 0 almost surely and k is a positive

r. The technique is applied to the Poisson, geometric and negative

lal distributions.

"RODUCTION

.t X be a random variable defined on a probability space (Q,A,P) and
e that X+A > 0 a.s. (P). The purpose of this paper is to find a

.que to obtain the expected value of functions of the random variable

the form

[(X+A) ... (X+A+k-1)7"!

k is a positive integer.
. technique of succesive integration of the factorial moment-generating

on was suggested by Chao and Strawderman (see [1]) to obtain the

ed value of functions of the random variable X, of the form

(x+A) "

n is a non-negative integer. In section 2, this technique is modified

ain the basic result and in section 3, it is applied to three special
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: the Poisson, geometric and negative binomial distrit
ty of negative factorial moments arises specially in 1

ems.

E BASIC RESULT

Define the factorial moment-generating function of X+A
X+A-1
g, (t34) = E(X7h
0<t<1 and A €R.
Then, for k = 1,2,..., define

t

Bpep (E34) = Jo g, (usA)du

0<t<1 and A €R.

am. For 0 < t <1 and A € R, we have

XHATK-1 t
E®n . @aeD | - Jo

gk(u;A)du

k=1,2,... .

. Since X+A > 0, we have the foliowing equality

X+A+k-1 t t t
t J f ko ([ 2, XeA-lg
\

(X+4A) ... (X+A+k-1) 0 Mo 0 1

Juently, by taking the expectation on each side of the

1 the desired result. [
.ary.

1
E[[(X+A) (X+A+k-l)]—il =I gk(u;A)du .
0




f. The result is obtained by setting t = 1 in the preceeding

PPLICATIONS
Poisson distribution

Let X be Poisson distributed with parameter A. We know from
[2], p.219), that

>se A = 1. Then, we have
t A, At

gz(t;l) = f eku-kdu =& (e
0 A

-1)

, after successive integrations, we obtain

e—A eAt k-2 cf
gt =3 (T-'z‘ - —k:z—-;>
A r=0 rl)

‘quently, for k = 2,3,..., it follows that

y ) -1 l—e-A kiz e_x
E(C(X+1) ... (X+k)171) = - S—
=0 ey nklT

rticular, we have

1

ECE+D) x+2)1 ) = Lr1-e 214y 7.

1
2

Geometric distribution

Assume that X has a geometric distribution with parameter p

(0,1)). We know, from Parzen (see [2], p.219), that

p/(1-tq) if 0 <t <1,
g, (t;0) = {
0 if t =0,

‘em,




2 q = 1-p. Thus, we have
t
g, (t30) = J p/(1-up)du = - p/q &n(
0

) <t < 1. Consequently, by carrying the i1
for k = 3,4,...,

k
(t50) = —CL P (1-q6)*! pna-

g
k+1 (k—l)!qk

ra = 1/(k-1)! and for r = 2,...,k-1,

r

1 1 1
& = -0 * (k-r-1)! Z (k-s+1) °
s=2
1lows that for k = 3,4,...,
k
=1 _ (=1)
E[tX(X+l) ees (X+k-1)] } = TE:TTT (

rticular, we have

-1 1 4
B [[X(x¢1) (%42) (X+3) ] ] =22 iy

6
q
[ —1,] 1
E|[X(X+1) (X+2) (X+3) (@+6) 17| = - o
7
* %8

Negative binomial distribution

Let X have a negative binomial distributio

integer) and p (p € (0,1)). From Parzen (

g](til) = Pr/(l_qt)r3 0

IA

Tt

IA
A

tion, one can deduce

kzl . (—l)k—r+{ptr
v k-r
r=1 r.q
k-1 k-r+1
-1
P*PZ &y v k-r
r=1 r.q
.2 P 1P
| 12 2 6 3°
q q

parameters r ( a pos-

1, p.219), we have




: q = 1-p. Hence,

1
J p’/(1-qu)” du =

g, (ts1) .

r r

P - p
(-r+1) (-q)

(-r+1) (1-qt) " (-q)

2 2, One can then deduce that if r = k+1,k+2,...,

pr - k-1 rts
gk+](t’]) = - P

- ) =
(r—l)(r—2)...(r-k)(1—qt)r k s=0 s!(r—l)...(r—k+s)qk s

it follows that if r = k+1,k+2,...,

E[[(X+1) ... (x+k)]"] -
- pr 1 _ kol 1
(r-l)...(r—k)pr—qu s=0 s!(r-l)...(r—k+s)qk"s

rticular, we find

E[[(X+1)(X+2)(X+3)(X+4)]_l] -

r 1 ' 1
e . ,
(r-1) (£-2) (r-3) (=" *q*  (£=1) (r-2) (£-3) (x=4) "

- 1 _ 1 _ 1 ]
(r-1) (x-2) (r-3)¢>  2(z-1)(r-2)q> ©~Da
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